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Fig. 3 Closed-loop response to nonzero initial deflection
(P = 3.8PCr,i): a) reduced order model and b) extended evaluation
model.

controlled modes are reconstructed from the output of the
extended model using a comb filter selecting modes 1 and 5
(an observer serves this purpose) and these estimates are used
for feedback.

The resulting closed-loop response of the augmented system
to nonzero initial conditions and the required input voltage to
the actuators are shown in Fig. 3b. From Figs. 3a and 3b it can
be seen, as expected, that there is no significant effect of the
uncontrolled modes on the dynamics of the controlled modes.

Conclusion
In this Note we addressed the problem of buckling control

using smart materials, a static instability of axially loaded
members of a structure. We showed that the buckling of a
flexible beam can be postponed beyond the first critical load
by means of feedback using piezoelectric actuators and strain
gauge sensors. It is observed that a controller design based on
a fixed axial load Pmax stabilizes the modeled modes for any
P<Pmax and, therefore, is robust to slow load variations.
Hence buckling in the first mode is inhibited, and the beam
can support a load up to the second critical load. Actuator
and sensor placement is discussed with regard to problems of
spillover. Finally, spillover has not posed serious problems
as we are able to design the controller, in the case of a beam,
using a low-order model and verify stability for a high-order
model.
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Introduction

T HE problem of computing robust time-optimal control
inputs for uncertain flexible spacecraft has been recently

investigated in Refs. 1 and 2. The primary control objective in
such a robust control problem is to achieve a fast maneuvering
time with minimum structural vibrations during and/or after
a maneuver in the face of modeling uncertainty. In this Note
we treat a similar problem to explore the effects of using a pair
of noncollocated, one-sided jets. A parameter optimization
approach, with additional constraints for performance robust-
ness with respect to modeling uncertainty, is employed to solve
such an interesting control problem.

A simple mathematical model of an uncertain structural
dynamic system with one rigid-body mode and two flexible
modes, as shown in Fig. 1, is used to illustrate the concept and
methodology. Such a simple model is often used to represent
an actual spacecraft with few dominant structural modes for
the purposes of practical control design.3'4 We consider a spe-
cial case in which the structural flexibility and mass distribu-
tion of the system are quite uncertain, although the total mass
(or inertia) of the system is well known. Consequently, we
focus on the robust control problem of flexible structures in
the face of modal frequency uncertainty as well as mode shape
uncertainty. However, many theoretical issues inherent to con-
strained parameter optimization problems and the practical
implementation issue inherent to any open-loop control ap-
proach are not discussed in this Note.

Problem Formulation
Consider the mass-spring model shown in Fig. 1, which is,

in fact, a generic representation of a spacecraft with one rigid-
body mode and two flexible modes. The modal equations of
this system can be represented as

(la)

= 021 "1 + 022^2 + 023«3

= 031 "1 + 032«2 + 033^3 (Ic)

where y, is the /th modal coordinate, co/ the /th modal fre-
quency, 0/y the modal input distribution coefficients, and uf
the control inputs. The nominal parameter values are assumed
as mi = m2 = m3 = k\ = k2 = 1 with appropriate units, and time is
in units of second.

Using this simple generic model, we explore three cases:
1) case 1 with both ''positive" and ''negative" jets placed at
body 1, 2) case 2 with a positive jet at body 1 and a nega-
tive jet at body 2, and 3) case 3 with a positive jet at body 1
and a negative jet at body 3. Case 1 is a typical case in which
two opposing jets are collocated. In cases 2 and 3, two oppos-
ing jets are not collocated. In this Note, we consider only
case 3, whereas detailed results for cases 1 and 2 can be found
in Ref. 5.

Received March 11, 1992; revision received Dec. 1, 1992; accepted
for publication Dec. 6, 1992. Copyright © 1993 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Professor, Department of Mechanical and Aerospace Engineering.
Associate Fellow AIAA.

tGraduate Research Assistant, Department of Mechanical and
Aerospace Engineering. Student Member AIAA.



J. GUIDANCE, VOL. 16, NO. 5: ENGINEERING NOTES 981

________ K l l _ l K2 L__————-J.TT-p*_ ' o o' ., 'q P*\\\\\\\\\\\\\\\\\\\\
Case #1: lu I < 1 , u = 0 , u =0

1 2 3
Case#2: O ^ u ^ + l . - l ^ u <0,u3=0

Case #3: 0 < u, <+l, u = 0, -1< u < 0

AN-I

-i

k u 2 or u3

ti t3 tN t

Fig. 1 Uncertain dynamical system with one rigid-body mode and
two flexible modes.

Fig. 2 Pulse sequences.

Time-Optimal Control (Case 3)
The modal equations for case 3 with the nominal parameter

values become

(2a)

(2b)

x3

y3

where co2= 1 rad/s, o>3 = VT rad/s, and the two one-sided con-
trol inputs are bounded as

(3a)0< u\ < +1

- 1 < u3 < 0

The time-optimal control inputs are assumed to have two
pulses per input, defined as in Fig. 2. The rest-to-rest maneu-
ver constraints with y\(tf)= 1 can be found as5:

A0 - A! + A2 - A3 = 0

3

6+

sin

7 = 0

,-)] -0,
^

-o,

- 2,3

/ - 2,3

Aj >0

The time-optimal control solution can then be obtained by
solving the constrained minimization problem

min/ = t = /3 + A3 (4)

subject to the constraints given earlier. A solution to this prob-
lem can be obtained using a standard IMSL subroutine as

t0 - 0.0000,

f 1 = 1.3631,

t2 = 2.8329,

A0 = 0.9510

A! -0.1658

A2 = 0.1658 (5)

t3 = 3.4109, A3 = 0.9510

tf = 4.3619
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Fig. 3 Responses to time-optimal control input (case 3).

The time responses of JC3 to the time-optimal control inputs
are shown in Fig. 3 for four different values of k = ki = k2.
It can be seen that the responses are quite sensitive to var-
iations in the model parameters. However, an interesting fea-
ture of this case is that the pulse sequences are of a "bang-off-
bang" type, resulting in the control on time of 2.234 s, which
is different from the maneuver time of 4.362 s. Compared to
cases 1 and 2, this case has the fastest maneuver time as well
as the smallest control on time.5 Therefore, the actuator con-
figuration of case 3 may be considered to be "optimal" in the
sense of minimizing both the maneuver time and the jet on
time.

Robust Time-Optimal Control (Case 3)
As shown in the preceding section, a standard, time-optimal

control approach requires an accurate mathematical model,
and thus the resulting solution is often sensitive to plant mod-
eling uncertainty. In this section, a parameter optimization
problem is formulated with additional constraints for robust-
ness with respect to the structural frequency uncertainty:
dj>/(0/dco/ =0 for t >tf. The resulting robustified or desensi-
tized time-optimal solution is a multiswitch bang-bang control
and is thus implementable for spacecraft equipped with on-off
reaction jets.3'4
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The robustness constraints for case 3 with two one-sided
control inputs can be found as5:

N-l N

- */i E cu + 0/3 £ cfj = 0 (6a)
7 = 0,2 ./=1,3

N-l N

0/i E -S-/7 - 0/3 £ 5/y = 0 (6b)
7 = 0,2 y = l , 3

where

Table 1 Summary of the results

/* = tf, s Jet on time
Time-optimal control

Case 1 6.511 6.511
Case 2 5.340 4.172
Case 3 4.362 2.234

Robust time-optimal control
Case 1 10.18 10.18
Case 2 7.360 4.765
Case 3 8.187 1.678

(o>itj )-(tj+ Ay )cos [<*i(tj + A/)]

Sfj = tjsin(w/f/) - (tj + A/)sin [w/ ( t j + A,-)]

Assuming that each control input has three pulses, we have
11 unknowns to be determined, the tj and Ay defined as in
Fig. 2. The robust time-optimal solution can then be obtained
by solving the constrained parameter optimization problem

(7)

subject to

A0 - Aj + A2 - A3 + A4 - A5 = 0

6+ £ (

£ (-
7 = 0

7 = 0

7 = 0

5

£
7 = 0

= 0, i = 2,3

=0, / = 2,3

,-)] =0, i = 2,3

y)] -0, i = 2,3
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Fig. 4 Responses to robust time-optimal control input (case 3).

A solution to this problem is obtained as

^o = 0.000, Ao- 0.2189

f 1 = 3.774, A! -0.2609

t2 = 2.030,

^3 = 5.778,

f 4 = 4.152,

^5 = 7.968,

A2 - 0.3594

A3 = 0.3594

A4 = 0.2609

A5 = 0.2189

= 8.187

(8)

The time responses of x3 to the robust time-optimal control
inputs are shown in Fig. 4 for four different values of k = ki
= k2. It can be seen that the robustness has been increased at
the expense of the increased maneuvering time of 8.187 s, as
compared to the ideal minimum time of 4.362 s. However, the
control on time is only 1 .678 s! Because of the properly coordi-
nated pulse sequences, the flexible modes are not significantly
excited during maneuvers and the residual responses after the
maneuvers are well desensitized.

Table 1 summarizes the results for all three cases. As can be
noted in this table, it is natural to select the actuator configu-
ration of case 3, since this case provides the "best" overall
performance in the sense of minimizing the maneuvering time,
fuel consumption (jet on time), and structural mode excita-
tion. For case 1, the maneuvering time and the jet on time are
the same, which is clearly undesirable from the viewpoint of
fuel consumption.

Conclusions
A time-optimal open-loop control problem of flexible space-

craft in the face of modeling uncertainty has been investigated.
The results indicate that the proposed approach significantly
reduces the residual structural vibrations caused by model-
ing uncertainty. The results also indicate the importance of a
proper jet placement for practical tradeoffs among the maneu-
vering time, fuel consumption, and performance robustness.
It is again emphasized that simply prolonging the maneuver
time does not help to reduce residual structural vibrations
caused by modeling uncertainty; a proper coordination of
pulse sequences is necessary. However, a further research is
needed for designing a closed-loop, on-off controller with con-
trol inputs similar to those of a robust time-optimal (open-
loop) controller.
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Introduction

T HE modern stochastic optimal control and filtering theo-
ries use white noise driven systems. The results such as

Kalman filtering (originally described in Kalman1) and separa-
tion principle (see Wonham2) are based on the white noise
model. Indeed, a white noise, being a mathematical idealiza-
tion, gives only an approximate description to the real noise
processes. In some fields the parameters of the real noises are
near to the parameters of the white noise (for example, in
telemetry3) and so the mathematical methods of optimal con-
trol and filtering for the white noise driven systems can be
satisfactorily applied in them. But, in many fields the white
noise is a crude approximation of the real noises. Therefore,
adequate modeling of the processes in such fields must use a
wide-band noise model of the real noises.

Many authors investigate the optimal control and filtering
problems for the wide-band noise driven systems using robust-
ness or approximate approaches (see, for example, Kushner
and Runggaldier4). A different approach is suggested in Bashi-
rov5 which is based on the representation of the wide-band
noise as a distributed delay of the white noise. Such an ap-
proach gives the possibility of extending the fundamental sep-
aration principle and Kalman filtering ideas to the wide-band
noise driven linear systems and of obtaining direct formulas
for optimal control and filter for such systems.5'6 In this Note
we present these results in a simple case. The aim of this Note
is to introduce the specialists of aerospace engineering to the
new optimal control and filtering results for the wide-band
noise driven systems from Bashirov5'6 that can be successfully
applied in various engineering practice. The related paper on
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application of wide-band noise Kalman filtering in gravimetry
is Bashirov et al.7

Wide-Band Noise
As mentioned the white noise is only an approximate model

of the real noises. Thus if we use the optimal control and
filtering results for white noise driven systems in application to
the real systems then our outputs are not optimal and, indeed,
might be quite far from being optimal.

The issue is that in reality the noises are marked with a
property which ensures correlation of their values within a
small time interval, i.e., if we denote such noise by <p, then

cov
A (5),

0, (1)

where e>0 is a small value. The random process <p with the
property in Eq. (1) is called a stationary wide-band noise.8 If
e is so small in Eq. (1) that it is normally assumed to be 0, then
the wide-band noise is transformed into a white noise. As
noted earlier, in many fields such a substitution of a wide-
band noise by a white noise gives rise to tangible distortions.
Therefore, mathematical methods of optimal control and fil-
tering for wide-band noise driven systems need to be devel-
oped. We present such a method from Bashirov5'6 which gener-
alizes the Kalman filtering and separation principle.

The underlying idea of our method consists in representa-
tion of a wide-band noise <p in the form of the distributed
delay of a white noise, i.e.,

6) d0, (2)

where w is a vector white noise, e = const >0, and $ is a
deterministic matrix function. If cov[w(0, w(s)] — Wb(t — s)
where 6 is a delta function, then cov[<p(t + s), <p(t)] = 0 with
s > e and

s), <p(t)\ = dO (3)

with 0 < S <e, i.e., <p is a stationary wide-band noise.
Presence of a wide-band noise, Eq. (2), in real systems can

be formally explained by vibration; for example, at the mo-
ment t the vibration that is formed by the action of the white
noise w during the time between t-e and t affects the system.
The values of the white noise w until the moment t-e do not
take part in the formation of the vibration at the moment t,
because at the moment t the vibration from them is small
enough that we can neglect it in the mathematical model (2).
Consequently, the parameters $ and e of the wide-band noise
in Eq. (2) have the following meaning: $ stands for the coeffi-
cient of relaxing the initial effect w at different moments of
time, and e represents the interval within which the conse-
quences of the disturbing noises are not present.

It should be noted that the wide-band noise described by
Eq. (2) is very convenient for mathematical investigations of
optimal control and filtering problems. Next we shall consider
a somewhat different representation of a wide-band noise
from Eq. (2), namely,

0) d0, >0 (4)
- min(/,e)

which differs from Eq. (2) only when 0 < t < e. The wide-band
noise in Eq. (4) corresponds to the real case when vibration by
the white noise w starts from the initial moment 0 and, there-
fore, when 0 < t < e the wide-band noise <p is formed by the
values w(0), 0 < 0 < ^ .


